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Inner Product Formula for Kudla Lift
( )
( )
$U(1,1)$ $f$ , $U(2,1)$ $\mathcal{L}f$
([1]). $\mathcal{L}f$ $f$ Kudta lift . , $\mathcal{L}f$ Petersson
, $f$ $L$ $f$
.
\S 1. $L$
11 $K$ , $D$ 2 . $O_{K}$ $K$ , $\sigma$ $K/\mathrm{Q}$




$K_{p}$ \sigma )E $K_{p}$
, $\mathcal{O}_{K,f}=\prod_{p<\infty}O$K, $K^{1}=\{t\in K^{\mathrm{x}}|tt‘=1\}$ . $K$
0 . $K$ 1
$w$ (K) . $X\in M_{mn}$ (K) , $X^{*}={}^{t}X^{\sigma}$ . $K$ ,
$\mathrm{Q}_{\mathrm{A}}^{\mathrm{X}}$ 2 $K/\mathrm{Q}$ $\mathrm{Q}$ $\mathcal{X}$
$\chi\in \mathcal{X}$ , $w_{\infty}(\chi)$ $\chi(z_{\infty})=(z_{\infty}/|z_{\infty}|)^{w_{\infty}(\chi)}(z_{\infty}\in K_{\infty}^{\mathrm{x}})$
.
1.2 $H=U$(T) , $T=(\begin{array}{ll}0 1-1 0\end{array})$
:
$H\mathrm{Q}=$ {$h\in GL_{2}(K)|h^{*}Th=$ j}.
$H$




$(a\in K^{\cross}, b\mathrm{C}\mathrm{Q})$ . $p$ , $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} H_{p}\cap GL_{2}$(OK,p)
$a$ $b$
$\mathcal{U}\ovalbox{\tt\small REJECT} D)_{p}\ovalbox{\tt\small REJECT}$ $\epsilon\alpha|c\mathrm{C}D\cdot O_{K,p}$
$\mathrm{C}$ $d$
. , $w_{\infty}(\chi)=-1$ $\chi\in \mathcal{X}$ 1 . $u=(\begin{array}{ll}a bc d\end{array})\in \mathcal{U}_{0}(D)_{p}$
,
$\tilde{\chi}_{p}(u)=\{$
$\chi(a)$ . . . $c\in pO_{K,p}$
$\chi(c)$ . . . $c\in \mathcal{O}_{K,p}-pO_{K,p}$
, ,
$\tilde{\chi}=\prod_{\mathrm{p}<\infty}^{\cdot}\tilde{\chi}_{p}$ $\mathcal{U}_{0}(D)f=\prod_{p<\infty}\mathcal{U}$0(D)p
. $H_{\infty}=H$(R) $\mathfrak{H}=\{z\in \mathrm{C}|{\rm Im}(z)>0\}$
$j:H_{\infty}\cross \mathfrak{H}arrow \mathrm{C}^{\mathrm{x}}$ , $\mathcal{U}_{\infty}$ $z_{0}=\sqrt{-1}\in \mathfrak{H}$ H
.
1.3 , $w$ (K) $l$ . $S_{l-1}$ , 3
$H\mathrm{Q}\backslash H_{\mathrm{A}}$ smooth $f$ :
(i) $f(hufu\infty)=(\det u_{\infty})^{l-1}j(u_{\infty}, z\mathrm{o})^{-(l-1)}\tilde{\chi}$(u$f$ ) $f(h)$
( $h\in H_{\mathrm{A}},$ $uf\in b\mathrm{o}$ (D) $f,$ $u_{\infty}\in \mathcal{U}_{\infty}$).
(ii) $hf\in H_{f}$ , $(\det h_{\infty})^{-(l-1)}j(h_{\infty}, z0)l-1f(h_{f}h_{\infty})$ $h_{\infty}(z_{0}\rangle\in$
$\mathfrak{H}$ .
(\"ui) $\int_{\mathrm{Q}\backslash \mathrm{Q}_{\mathrm{A}}}f(\mathrm{n}(x)h)$ $=0$ $(h\in H_{\mathrm{A}})$ .
$\mathcal{Y}_{l}$ , $K_{\mathrm{A}}^{1}/K^{1}$ $\Omega$ $\mathcal{O}_{K,f}^{1}=\prod_{p<\infty}O_{K}^{1}$,p trivial
$\Omega(z_{\infty})=z_{\infty}^{l}(z_{\infty}\in K_{\infty}^{1})$ , $S_{l-1}=\oplus_{\Omega\in \mathcal{Y}\iota}S_{l-1}(\chi_{0}\Omega^{-1})$
. $\chi\Omega^{-1}$ $S_{l-1}$ .
1.4 $p$ , $S_{l-1}(\chi 0\Omega)$ Hecke . $f\in$
$S_{l-1}(\chi 0\Omega)$ .

















1.5 $f\in S_{l-1}(\chi 0\Omega)$ , $p$ { $T_{p}$ (p $T_{p},:(i=1,2)$ )
, $f$ Hecke eigenform . Hecke eigenform $f$ ,
$L$ $L$(f; $s$ ) .
$L(f;s)= \prod_{p<\infty}L_{p}(f;s)$ ,
$p(f; s)^{-1}=\{$
$1-(p^{-- 1}\lambda_{\mathrm{p}}+1-p^{-1})p^{-2s}+p^{-4s}$ $p$ $K/\mathrm{Q}$ ert
$1-p^{-1/2}\lambda_{p}p^{-s}+p^{-2s}$ $p$ $K/\mathrm{Q}$
$\prod_{\dot{l}=1}^{2}$ ( $1-p^{-1/2}\lambda_{\mathrm{p},i}p^{-\epsilon}+\Omega_{p}(\Pi_{i}/\Pi_{-}^{\sigma})p$-2s) $p$ $K/\mathrm{Q}$ .
, $\lambda_{p}$ (resp. $\lambda_{p},|.$ ) $T_{p}$ (resp. $T_{p,:}$ ) $f$ .
$K$ 1 . , $f1\mathrm{h}$ weight $l-1$ , $(_{*}^{\underline{D}})$ $\Gamma_{0}(D)$
$f_{dm}$ . $fdm$ Fourier $fdm(z)= \sum_{m=1}^{\infty}c(m)e^{2\pi}:mz$
, $L$ (f; $s$ ) , $K/\mathrm{Q}$ $p$ , Rankin
$L$
$\zeta(2s)\sum_{a}c(\mathrm{N}(0))\alpha^{l}\mathrm{N}(\emptyset)^{-(s+l-1)}$
. , $a=(\alpha)$ $K$ 0 .
\S 2. $\div \mathrm{f}\mathrm{f}_{\mathrm{Q}}\Leftrightarrow$
2.1 $\kappa=\sqrt{D}$ ,
$S=\{\begin{array}{lll} \kappa^{-1}-\kappa^{-1} 1 \end{array}\}$
. $S$ $G$ . $G$ [5]
.
2.2 $\psi$ $\mathrm{Q}_{\mathrm{A}}/\mathrm{Q}$ , $\psi(x_{\infty})=e^{2\pi ix_{\infty}}(x_{\infty}\in \mathrm{R})$ . $K_{\mathrm{A}}^{3}$
Schwartz-Bruhat $S(K_{\mathrm{A}}^{3})$ $\mathcal{M}_{\chi}$ : $G$A $\cross$
$H_{\mathrm{A}}arrow GL(S(K_{\mathrm{A}}^{3}))$
$\mathcal{M}$,(g $\mathrm{x}1_{2}$ ) $f(z)$ $=$ $\chi$(det $g$ ) $f(g^{-1}z)$ $(g\in G_{\mathrm{A}})$ ,
$\mathcal{M}_{\chi}(13\mathrm{x}\mathrm{d}(a))f(z)$ $=$ $\chi^{-3}(a)|\mathrm{N}(a)|_{\mathrm{A}}^{3/2}f(az)$ $(a\in K_{\mathrm{A}}^{\mathrm{X}})$ ,
$\mathcal{M}_{\chi}(1_{3}\mathrm{x}\mathrm{n}(b))f(z)$ $=$ $\psi(bz*Sz)f(z)$ $(b\in \mathrm{Q}_{\mathrm{A}})$ ,
$\mathcal{M}_{\chi}(13\mathrm{x}w_{v})f(z)$ $=$ $\lambda$K, $( \psi_{v})\int_{K_{v}^{l}}\psi$(IY(z$*Sz’$)) $f(z’)dz’$
. , $f\in S(K_{\mathrm{A}}^{3}),$ $z\in K_{\mathrm{A}}^{3}$ , $\mathrm{Q}$ $v$ , $w_{v}=(\begin{array}{ll}0 1-1 0\end{array})\in$
$\ovalbox{\tt\small REJECT}$ . , $|\cdot|$A idele norm , $\lambda_{K_{v}}$ (\psi v) We .
2.3 $\theta_{\chi}$ : $G\mathrm{Q}\backslash G_{\mathrm{A}}\cross H\mathrm{Q}\backslash H\mathrm{A}arrow \mathrm{C}$
$\theta_{\chi}(g, h)=\chi^{-1}(\det g)\chi^{-2}(\det h)\sum_{X\in K^{3}}\lambda 4_{\chi}(g\cross h)\varphi$
(X) $(g\in G_{\mathrm{A}}, h\in H_{\mathrm{A}})$




( $X=(X_{v})\in K_{\mathrm{A}}^{3},X_{\infty}={}^{t}(x_{1,\infty},x_{2,\infty},x_{3,\infty})\in \mathrm{C}^{3},$ $\varphi$p $\mathcal{O}_{K\mathrm{p}}^{3}$ )
.
$\mathrm{S}_{l-1}(\chi\Omega)\ni f\mapsto c_{\chi}f(g)=\int_{H_{\mathrm{Q}}\backslash H_{\mathrm{A}}}\theta_{\chi}(g, h)f(h)dh$ $(g\in G_{\mathrm{A}})$
$\text{ }f\sigma)$ Kudla lift $\text{ }|/\backslash \overline{9}$ .
$\mathcal{L}_{\chi}f$ , weight 1level 1, central character $\Omega^{-1}$ , $f$
Hecke eigenform $\mathcal{L}_{\chi}f$ Hecke eigenform ([1], [2], [3]).
24 , $f\in S_{l-1}(\chi\Omega)$ , .
(2.1) $f$ Hecke eigenform .
(2.2) $D$ $p$ , $f(hw_{D,p})=\epsilon_{p}$ (f) $f(h)(\epsilon_{p}(f)=\pm 1)$ .
, $wDp=(\sqrt{D} \sqrt{D}^{-1})\in H_{p}$ .
$D$ $p$ ,
$C_{p}(f, \chi)=1+\epsilon_{p}(f)\lambda_{K_{\mathrm{p}}}(\psi_{p})\chi_{p}^{-1}(\sqrt{D})\frac{\nu_{\mathrm{p}}^{\delta_{p}}+\nu_{p}^{-\delta_{p}}}{2}$
. [ , $\nu_{p}^{\pm}\in \mathrm{C}^{\mathrm{x}}$ $\nu_{p}+\nu_{p}^{-1}=p^{-1/2}\lambda_{p}$ , $\delta_{p}=\mathrm{o}\mathrm{r}\mathrm{d}_{p}D$
. ([4]).
2.5 $f\in S_{l-1}(\chi\Omega)$ ,
$\int_{G\mathrm{q}\backslash G_{\mathrm{A}}}|\mathcal{L}_{\chi}f(g)|^{2}dg=c\cdot w(K)^{-1}\pi^{-l}|D|^{5/2}(l-1)!\prod_{p|D}C_{p}(f, \chi)\cdot L(f;1)\int_{H_{\mathrm{Q}}}$
2
$H_{\mathrm{A}}|f(h)|^{2}dh$ .
, $c$ Haar $dh,$ $dg$ explicit .
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